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?1? ??
1.1 ????????
??????????????????????????????????
???????????????????????????? [1,2]??? 1973
?? P. W. Anderson?????????Resonance Valence Bond (RVB)?
?????????????????????????????? [3]???
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
????????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??????????????????????????????????
??????????????????????? J1 J2????????
???????????????????????????????????
???????????????????????????????????
?????????????????????????? (1.1)??????
H =
X
i;j
JijSi  Sj   h
X
i
Szi? (1.1)
??? Si??????????????????Jij? i???? j????
?????????h?????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??? Ji;j > 0???????????????????
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1.2 ????????????
? 1.1?????????????????????????????(a)?
???????????? up-down?????????????????(b)
????????????? up-down?????????????????
???????????????????????????????????
???????????????????? (b)?????????????
????????????????????????????????
?
(a) (b)
? 1.1: ?????????????(a)???(b)???
1.3 ??????????????
??????????????????????????????????
???????????????????
1.3.1 ????????order by uctuation
??????????????????????????????????
???????????????????????????????????
? 47%????????????????? [4{6]?????????????
??????????????????????????????? up-down
???????????????????? 1.2???? 120???????
?????????? 1.3???????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
????
????????????????????? ????????????
???????????????????????????????????
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? 1.2: ??????????????????????
(a) (b) (c)
h
? 1.3: ????????????????(a)Y???(b)?Y???(c)??
??????
??????????????????? order by uctuation??????
???? (order by disorder?????????????????? order by
uctuation?????) [7,8]??????????????????????
?????????????????????????? 1.3(a)? Y???
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??????????
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1.3.2 ???????????????
?????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????????
???????
?????????????????????????Majumdar-Ghosh
model???????? [9]?????????? (1.2)??????????
?????? J1?????? J2??? (? 1.4(a))?
H =
X
i
(J1Si  Si+1 + J2Si  Si+2) (1.2)
????????????????????J2=J1 = 0:5??????????
???????????????Valence Bond Solid(VBS)????????
?Majumdar?Ghosh?????????????????????? (1.2)
?????????????
H =
X
i
htrii (1.3)
htrii = J1=2(Si  Si+1 + Si+1  Si+2) + J2Si  Si+2? (1.4)
? (1.3)?Pi????????????????????????? J1??
????????????? (1.4)? J1=2????????????????
????????????????????
Emin 
X
k
etrimin (1.5)
??? J2=J1 = 0:5????????????????? 1.4(c)???????
????? (d)? (e)?????????????????????????
(1.5)?????????????????????????????????
?????????????????????????? Shastry-Sutherland
model?????????????????????? VBS??? [10, 11]?
?????VB????????????????????????????
???VBS???? Valence Bond Crystal (VBC) ????????
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J1
J2
J1/2
J2
:VB = 
(a)
(b)
(d)
(e)
(c)
J2 =J1/2
? 1.4: (a)Majumdar-Ghosh model?(b)???????(c)?????????
(d),(e)2????VBS?
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???????
1973???????????????????????????????
Resonance Valence Bond (RVB)????????????????????
? [3]???RVB???????VBS????????? (1.5)??????
???VB??????????????????????????????
????? VB????????????????????????????
VB?????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
????????
? 1.5: ?????RVB??????????????
1.3.3 ??????????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????????QMCS???????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??????????????????????
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1.3.4 ??????
??????????????????????????????????
1. ????????????????????????????
2. order by uctuation??????????????????????
3. ????????????????????????????????
???????????????
4. ????????????????????????????????
??????
5. ???????????????????????
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1.4 ????????????????
? 1.6?????????????????????????? J1 J2??
?? (d)??????????? (e)????????????? (f),(g)??
???????????????????????????????????
(a)????? (b)?Shastry-Sutherland?? (c)?????????????
(a)
(b)
(c) (e)(d)
(f) (g)
? 1.6: ???????????????(a)?????(b)?????(c)Shastry-
Sutherland???(d) J1 J2?????(e)???????????(g)Square
diamond lattice?(f)Hexagonal diamond lattice?
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1.4.1 ????
??????
SO(3)???????????????????????????????
???????????????????????????????????
??????????????? [12]??????????????????
order by uctuation??? Z3??????? Y??up-up-down(uud)??V
??????????????? (? 1.7) [13,14]?
(a) (b)
? 1.7: ?????????????????(a) [13]? (b) [14]??????
???????Y? uud?V????????
??????S = 1=2??
?????????????????? 120?????????????
? [15{17]???????????????????????????RVB?
????????????????????????????????Y??
uud??V????????uud????????????????? 1/3?
?????????????????? [8,18]??????????????
?? Cs2CuBr4 [19]????????? Ba3CoSb2O9 [20, 21]???? 1/3?
?????????????????????????? J2???????
????????????????? J2=J1  0:1????????????
??????? [22, 23]?
13
1.4.2 ????
??????????????????????????????????
???????????????S = 1=2????????????????
???????????????
??????S = 1=2??????????
S = 1=2?????????????????? (triplet)???????
????????????????????? (singlet)????????????
????? [24{31]??????????? Valence bond crystal(VBC) [27]?
Z2???????????????? [29{31]???????????????
?????????  0:05J????????????? [24,25,28,29,31]?
??????????????????????????????????
? [32{34]???????????????????????????????
? ZnCu3OH6Cl2?NMR????????????? 0:03  0:07J ????
????????????????? [35]????????????????
?????????????????????ZnCu3OH6Cl2?Cu2+(????
?)? Zn+2?????????????????????????? [36,37]?
???????????????????????????????????
??????S = 1=2??????????
???????????????????????? (DMRG) + Sin Square
Deformation (SSD)??????????????????????????
??? 1.8(a)?[31]???????Thibaut Picot?????????????
???????????? (b) [38]???????????????????
? 1/9, 1/3, 5/9, 7/9?????????????????????????
????????? 1/3, 5/9, 7/9????????????? [39]????
7/9?????????????????????????????????
??????? Sztot = 2???????????????????????
????????????? [40]????????????????? 3/4?
??????????????????????????????????
DMRG+SSD???????????7/9????????????????
?????1/3, 5/9????????? 7/9???????????????
????????????? (? 1.9)?
14
(a) (b)
? 1.8: S=1/2?????????????????(a) DMRG+SSD? [31]?
(b)??????????? [38]?
? 1.9: DMRG+SSD????????? 1/3, 5/9, 7/9?????????
? [31]?
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1.4.3 Shastry-Sutherland??
??????S = 1=2??
???? S = 1=2?????????????????????????
??????????? 1.10?????????????????J 0=J  0:5
????Majumdar-Ghosh model?????????????????VBS
??????????? [41]??? SrCu2(BO3)2?????????????
???????????????? [10,11,41{44]?????????????
???????????????????????????????? 1.11??
J
J 
,
(a) (b)
? 1.10: (a)Shastry-Sutherland??????????(b)VBS?????
(a) (b)
? 1.11: (a)SrCu2(BO3)2?????????????(b)?????????
???????????????? [44]?
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??????
???????MCS????????????J 0=J = 0:5???????
?????????????? order by uctuation????Y??uud??V
????????? [45]?
? 1.12: MCS????????????????????? (J 0=J = 0:5) [45]?
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1.4.4 J1 J2????
??????????????????????????????????
????????????????? 1.13????????? J1?????
? J2????
J1
J2
? 1.13: J1 J2????????????
??????
??????????????????? 1.14???????
????????????????????
Emin=N =
(
 2J1 + 2J2 (J2=J10:5)
 2J2 (J2=J1> 0:5)
(1.6)
????
J2=J1 > 0:5?????????? J1 ?????? J2 ??????????
???????????? p2 p2??????? Neel????????
O(3)O(3)????????? order by uctuation???Stripe?? (? 1.14
??)??????????????? [46, 47] ?????????????
Stripe??????????????????? [48,49]?J2=J1 = 0:5???
???????????????q = (; ky) or (kx; ) (kx? ky??????)
??????????????????J2=J1 = 0:5???????????
???????????????????????????????????
????????????????
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0.5 J2/J1
Neel order Stripe Neel 
? 1.14: J1 J2?????????????????J2=J1 = 0:5??????
0.4 ?
J2/J1
Neel order Stripe order
0.6 ?
QSL?
VBC?
other?
? 1.15: J1 J2?????????????????J2=J1 = 0:5?????
?????????????????
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??????S = 1=2??????????
???????? J2=J1 = 0:5????????????????????
??????????????????? 1.15?????????????
???????????????????? J2=J1 < 0:4? 0:6 < J2=J1???
???????????????????????????????????
??????????? [50{60]????????????????????
???????????1988????????????? J2=J1 = 0:5???
?????????????????? [50]?????????? 1989??
4 4site???????????????????????????RVB?
?????????????? 99.5%???????????????? [51]?
????????????????RVB????????????????
???????????????????????????????????
???????????????????????????????????
?????????? 1.16????Valence Bond Crystal(VBC)?Plaque-
tte Valence Bond Crystal(PVBC)???????????????????
????VBC?VB?? 1.16(a)??????????????VB????
???????????????????????????????????
?????PVBC?????????????Plaquette ?? 1.16(b)???
???????????????????????????????????
???????????????????????????????????
????????????????????????
(a) (b)
? 1.16: (a)Valence Bond Crystal? (b) Plaquette Valence Bond Crystal?
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2010?? J. Richter? ? J. Schulenburg???????????????
???????????????? 20  40???????????????
??J2=J1? 0.35?? 0.66???????????????????????
??? a gapful quantum paramagnetic phase ??????????????
???? (? 1.17??) [52]?
2012??Hong-Chen Jiang?????DMRG???????????0:41 
J2=J1  0:62??????????????????????????Z2 spin
liquid??????????????????? (? 1.18??) [54]??????
?? singlet-singlet(???-?????)?? singlet-triplet????-?????
?????????????????????????Lx???????Ly
??????????? Lx = 2Ly???????????DMRG????
???????????????????????????????
? 1.17: J. Richter?? J. Schulenburg??????????????? [52]?
m0?Neel??m1? Stripe???????????????????????
? 1.18: Hong-Chen Jiang???????????????? [54]?????
??????????????
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??? Shou-Shu Gong????? DMRG?????????? 0:44 <
J2=J1 < 0:5???????????????????0:5 < J2=J1 < 0:61?
PVBS????????? (? 1.19??) [56]????????????DMRG
???????????????????????????????????
????????????????????????????????????
?????????????????????????
? 1.19: Shou-Shu Gong???????????????? [56]??????
?????????? PVBC????????????????? J2=J1?
0:2  0:55??????
????????????? [57]??????????????? [58]??
???????? [59,60]???????????????????????
??? 0:4  J2=J1  0:6??????????????????????
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??????S = 1=2??????????
??????????????????????????????????
????? [61{64]???????????????????????2000?
???????????????????? [61]?? 1.20? J2=J1 = 0:6??
????????????1/2?????????????????????
?????????? up-up-up-down(uuud)??????????????
??????????????? uud???????????
? 1.20: ???????????? (J2=J1 = 0:6) [61]?J 0 = J2; J = J1??
??????????? 1/2??????????
??? 2013????????????????????????? [64]??
?????????Neel,Stripe,uuud????????????? 1.21???
???? 1.22??????????
?????? 0:5 < J2=J1 < 0:65??????? uuud??? 1/2????
??????????????????????? 36site?????????
??????????? Neel,Stripe,uuud????????????????
??????????????????????????? uud?? uuud?
????????Y??V??????????????????????
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? 1.21: ??????????????????? [64]?H???????
? 1.22: ???????????H   J2?? [64]?S = 1=2????? S = 1
????
?????????
S = 1=2? J1 J2?????????????????? [65{69]????
?????????????????0:4 < J2=J1 < 0:7?????????
???????????????????????????????????
??????????????
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1.4.5 ??????????
??????????????????????????? 1.23????
J2=J1 = 0:5? J1 J2?????????????????????????
??????????????????????????????? J1 J2
???????????????????????????????????
????? (???)????????????? (?????????)??
??????????????????????????????????
Neel Stripe Neel* 
???????????
? 1.23: ????????????????????????
??????S = 1=2??
????????? 1.16(b)?PVBC??????????????? [70{
72]?J1 J2??????????????????????????????
???????????????????????????????????
????????3/4?????????????????????????
????????????? [73]????? 3/4?????????????
?????????? 1.24??????????????????????
??????????????? Sztot = 1????????????? (1.7)
???????????????????????? 1.24????????
ji4spins = j#1 "2 "3 "4 i   j"1 #2 "3 "4 i+ j"1 "2 #3 "4 i   j"1 "2 "3 #4 i (1.7)
??? 1.24???????????????????1, 2, 5???????
???1? 5, 1? 2 ?????????????? (1.7)?????????
???? 1, 2????? "????????? 5?????????????
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???????? 1? 5??????????? 2? 5??????????
????????? (1.7)???????? 1, 2, 3, 4????? "??? 5?
?????????????????? 1, 2, 6??????????????
???????? 1.24?????????????????????????
????????? 1.24???????????????????????
???????????????????????????????????
????????????????????????????????? 3/4
??????????????????????????????? 7/9??
?????????????? [40]?
Full moment spin
????
? ?
? ?
? ?
? 1.24: ??????????? 3/4?????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????????? 0, 1/9, 1/3, 5/9, 7/9???????????????
???????????????????????????????????
??????? J1 J2??????????????????? J1 J2??
?????????????????????
?????
??????????????????????????????????
??????????????????????????????J1 J2??
??? J2?????????????? [74{77]?? 1.25(b)???????
????????CuO2????????????????????????
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?????????????? 1.25(a)????CuO2??????????
?????????????????????????? J2? J 02?????
J1  J2???J 02  0?????????????????????????
??????????????????????????????????
????
???? ?????? ?
(a) (b)
? 1.25: (a) CuO2????(b) ?CuO2????
27
1.5 ?????????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
? J1 J2???????????????????????????????
???????????????????????
J1 J2????????????S = 1=2)???????????????
????????????????????????????????DMRG
?? SSD???????????????????????????????
??????????MCS??????????????????????
???????????????(???)?
??????????????????????????????????
????????????????????????????????? (?
??)?
??????????????????????????????????
???????????? S = 1=2??????????????????
???????????????????????????????????
????????????????????????????????? (?
??)?
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?2? ?????
2.1 ??????????????????????
?????????????????? (MCS)????????????
???????????????????????????????MCS?
??????????????????????MCS??????????
?????????????????????????????
2.1.1 ????MCS???
MCS???????????????????????????????
1. N???????????????
2. 1????????????????????????????????
3. N?????????????????1?????MC????????
4. m?MC????????????????????
5. 1MC??????????????????????????????
6. MC?????M????????
?????????MCS????????2?????????????
????????????m? 105??????M? 106?????????
???????????????????????????????????
???????????????????????????????????
???????????
2.1.2 ?????????
??????????????4?????????????????MCS
???????????????????????????????????
?????????????? ; ?????0 <  < ?0 <  < 2???
?????????????????? ? ????  = 0; ??????
 = =2???????????????????????????????
29
???????????????????????????????????
????
??????????????????????
r1; r2 = 0  1????
 = 2r1
Sz = 2(r2   0:5)
Sx =
p
1  Sz2 cos()
Sy =
p
1  Sz2 sin() (2.1)
2.1.3 ???????
?????????????????????????
1. i???????????????E0??????
2. i??????????? (2.1)???????????????????
E1?????
3. 0????? r??????
4. r < exp((E0  E1)=T )??????????????????????
?????????
?????????????????????????????????E0 
E1 < 0???????????????????????????????
??????????????
2.1.4 ???
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????????? ~Sz???????????? (2.1)?????????
??????????????? ~Sz??????????????????
????? Ein? ~Sz ??????????????????? ~Sx, ~Sy???
??????????????????????????? ~Sy? Sx-Sy??
?????????? 2.1??? ????? ~S?????????????
???????????S????????????
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hin
?
?
?
?
? 2.1: ???????????????
hin = (h
x
in; h
y
in; h
z
in)
hin = jhinj ; hxyin =
q
(hxin)
2 + (hyin)
2
Ein =  S  hin =   ~Szhin
cos =
hzin
hin
; sin =
hxyin
hin
cos! =
hxin
hxyin
; sin! =
hyin
hxyin
(2.2)
?? ~Sx, ~Sy?????????????????????????????
???? ~Sz?????????????????????????????
?????????????????? ~Sz? z????????
P (z) / exp (Kz) ; K = hin
TZ 1
 1
P (z)dz = 1
P (z) =
exp (Kz)R 1
 1 exp (Kz) dz
=
K exp (Kz)
exp (K)  exp ( K)
?????? F (z)??????????
F (z) =
Z z
 1
P (z)dz
=
exp (Kz)  exp ( K)
exp (K)  exp ( K) (2.3)
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????????z? F (z)????????
z =
1
K
log [fexp (K)  exp ( K)gF (z) + exp ( K)]
=
1
K
log [exp ( 2K) + f1  exp ( 2K)gF (z)] + 1 (2.4)
??????? F (z)? 0  1????????z????? P (z)?????
????????????????????????????????? ~S?
?????????????????
r1; r2 = 0  1????
 = 2r1
~Sz =
1
K
log [exp ( 2K) + f1  exp ( 2K)g r2] + 1
~Sx =
q
1  ( ~Sz)2 cos
~Sy =
q
1  ( ~Sz)2 sin (2.5)
???????????????????????S??????
Sx = ~Sx cos cos!   ~Sy sin! + ~Sz sin cos!
Sy = ~Sx cos sin! + ~Sy cos! + ~Sz sin sin!
Sz =   ~Sx sin + ~Sz cos (2.6)
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??????????????????????????????
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2.1.5 ???????
?????????????????????????????????
??????????????????????????????????
???????????????????????????????????
? [78]?????????????????????????????????
??????????????????????????????
1. Nrp??????????????????
2. ???????MC????????
3. Nex?????????????????
4. m?MC?????????? 1MC???????????????
?????
5. MC?????M????????
??????????????MCS?????????????????
??????????????? i,j????
r = 0  1???
r < exp (4E4)? (2.7)
4E  Ei   Ej
4  1
Ti
  1
Tj
(2.7)?????????????????????????????????
????????? i? j???????????????????????
???Nrp??????????????????????????????
???? (??)???????????????????????????
???????????????? (? (2.7))??????????????
???
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2.1.6 ????MCS?????
MCS??? J1 J2????? J2=J1 = 0:5??????????????
??????????????????????????????LL = N
?????L =24,40,52,64???????????????????????
???
m =??????MC????? = 2 105  4 106?
M =?MC????? = 1 106  1 107
Nrp =??????? = 64  80
Nex =?????????MC???????? = 32
T=J1 = 0:01  0:15
???????????????????????????????????
L=52????M= 1 107??????????????
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2.2 ????
???????????????????????????????????
?????????????????? [79]???????? [80]?LOBPCG
? (Locally Optimal Block Preconditioned Conjugate Gradient method) [81]
?????????????????????????????LOBPCG??
????? 2?????????????????????????????
????????????? LOBPCG??????????????? 2?
???????????????????????????????????
2.2.1 ???????
?????????????
v1 =?????? 0?????????? (2.8)
do i = 1   
do j = 1; i  1
vi = vi   (vi  vj)vj (2.9)
enddo
vi )???
wi = Hvi (2.10)
do j = 1; i
Mji = vj wi (2.11)
enddo
Ms = mins (2.12)
r =Ws  minV s (2.13)
if(jjrjj < ) then
x = Ws)??? (2.14)
Emin = min
exit
endif
vi+1 = T
 1r (2.15)
enddo
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??????????????????
H :?????????
vi : H???????????
M : i? i?????????
V  (v1;v2;    ;vi)
W  (w1;w2;    ;wi)
s : i?????????
r :?????? (vi?????)?
x :????????H?????
Emin :????????H????????
T :????? (H?????)
????????????????????????????
? (2.9)???????????????????????????????
???????????????????? (2.11)??M????????
????????????????????????????? (2.12)???
???????????????????????????????????
??????M ????????????????????????H??
??????????????????????????????
M = V W = V HV
???M ????? V ??? H???????i????????????
???M ??????H???????????????????????
?????????????????????????? (2.13)? r????
? (2.16)??????????????????
q  V s ; p  Ws
p = Hq ; min = q
Hq
r = Hq   minq (2.16)
??? (2.14)??????? v? V s?????Ws???????????
1?????????????? (2.15)??? T ?????????????
???????????????????????????????????
????????????????
T = D   minI ; D : H?????????? (2.17)
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???????????? 1???? (2.18)???????????????
??????????????????????????????????
Hx = Eminx
(H   EminI)x = 0 (2.18)
T = (H   EminI)??????????????????????Emin??
???????????? (2.17)????????????????????
? (2.17)??????????????????????????????
?????????????
????????? (2.15)??????????????????????
??????????????????????????????? 2???
?????? V ?W ???????????????????????? V
????????????HV s????????????????????
???????????????????????????????????
???????? 1??????????????????????????
????????????????DMRG???????????????
???????????????????????????????????
LOBPCG?????????
37
2.2.2 LOBPCG?
v
(1)
1 =?????? 0?????????? (2.19)
v
(1)
2 = 0 ; v
(1)
3 = 0 (2.20)
do i = 1   
v
(i)
1 ;v
(i)
2 ;v
(i)
3 ??????) V (2.21)
W = HV (2.22)
M = V W (2.23)
Ms = mins (2.24)
r =Ws  minV s (2.25)
if(jjrjj < ) then
x =Ws)??? (2.26)
Emin = min
exit
endif
v
(i+1)
1 = V s (2.27)
v
(i+1)
2 = T
 1r (2.28)
v
(i+1)
3 = s2v
(i)
2 + s3v
(i)
3 (2.29)
enddo
v
(i)
1 ;v
(i)
2 ;v
(i)
3 : H???????????
M : 3? 3?????????
V 
8><>:
(v
(i)
1 ;v
(i)
2 ;v
(i)
3 ); ?i > 2?
(v
(i)
1 ;v
(i)
2 ); ?i = 2?
(v
(i)
1 ); ?i = 1?
s : 3?????????
?????? (2.22)??????????????????? 3?????
???????? (2.21)?????????????W ?????????
?????????????????????????????? 1/3???
?????????????????????????
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v
(1)
1 =?????? 0??????????)??? (2.30)
v
(1)
2 = 0 ; v
(1)
3 = 0 (2.31)
w
(1)
1 = Hv
(1)
1 ; w
(1)
2 = 0 ; w
(1)
3 = 0 (2.32)
do i = 1   
M = V W (2.33)
B = V V (2.34)
Ms = minBs (2.35)
r = Ws  minV s (2.36)
if(jjrjj < ) then
x =Ws (2.37)
x)???
Emin = min
exit
endif
v
(i+1)
1 = V s)??????????? (2.38)
v
(i+1)
2 = T
 1r )??? (2.39)
v
(i+1)
3 = s2v
(i)
2 + s3v
(i)
3 )?????????? (2.40)
V = (v
(i+1)
1 ;v
(i+1)
2 ;v
(i+1)
3 ); (i > 2) (2.41)
w
(i+1)
1 = Ws (2.42)
w
(i+1)
2 = Hv
(i+1)
2 (2.43)
w
(i+1)
3 = (s2w
(i)
2 + s3w
(i)
3 ) (2.44)
W = (w
(i+1)
1 ;w
(i+1)
2 ;w
(i+1)
3 ); (i > 2) (2.45)
enddo
???????????? (2.35)???????????????? V ??
?????????B????????????????????????
??B = LL???? V L 1?????????????????????
????????????? (2.44)???????????????? 1??
???????????
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????????LOBPCG????
??????????? LOBPCG??????????????????
???????????? (2.15),(2.28),(2.39)??????????????
???????????????????????????????????
??????????????????LOBPCG????????????
???????????????????????????????????
????????????????????LOBPCG???????????
????DMRG???????? LOBPCG??????????????
???????????????????????????????????
???? LOBPCG??????????????????????????
?????????????????????????
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2.2.3 ?????????
???????????????????k????k=3????LOBPCG
????????k??????????????????????????
?????????????????
v
(k)
1   v(k)k ???????????? (2.46)
w
(k)
1   w(k)k ???????????? (2.47)
do i = k   
M = V W (2.48)
B = V V (2.49)
Ms = minBs? (2.50)
r = Ws  minV s (2.51)
if(jjrjj < ) then
x =Ws (2.52)
x)???
Emin = min
exit
endif
v
(i+1)
1 = V s)??????????? (2.53)
v
(i+1)
2 = T
 1r )??? (2.54)
v
(i+1)
l = v
(i)
l 1; (2 < l < k) (2.55)
v
(i+1)
k = sk 1v
(i)
k 1 + skv
(i)
k )?????????? (2.56)
V = (v
(i+1)
1 ;    ;v(i+1)k ) (2.57)
w
(i+1)
1 = Ws (2.58)
w
(i+1)
2 = Hv
(i+1)
2 (2.59)
w
(i+1)
l = w
(i)
l 1; (2 < l < k) (2.60)
w
(i+1)
k = (sk 1w
(i)
k 1 + skw
(i)
k ) (2.61)
W = (w
(i+1)
1 ;    ;w(i+1)k ) (2.62)
enddo
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2.2.4 ????????LOBPCG????????????
?????????????????????????????????
?????DMRG??????????????????????????
???????????????????????????????????
????????????????????? 2.2????? 4  6 = 24site
? S = 1=2??????????????Sztot = 0? Sztot = 1??????
??????????????????????????? (k=10)????
(k=5)?LOBPCG? (k=3)????????????? (k=10)??????
????? 2.3? Sztot = 0????? 2.4? Sztot = 1???????????
???????????????????????????????????
Sztot = 1???????????????????????????????
??? (k=10)?????????????? LOBPCG?????????
?????????? Sztot = 0?????????????????????
???????????????????????????????????
?????????????
J
1 
= 1
J
2 
= 0.5
? 2.2: ???????????????
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? 2.3: ????????LOBPCG???????????????????
????? (Sztot = 0)?????? (?)?????? (?)?????
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? 2.4: ????????LOBPCG???????????????????
????? (Sztot = 1)?????? (?)?????? (?)?????
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2.3 DMRG?
???? 1992??White??????????????????????
?? Density Matrix Renormalization Group(DMRG)? [82,83]??????
?????????????????????Sine-square deformation?SSD?
? [85] ????????
2.3.1 DMRG??????
? 2.5???? system block? environment block?????? superblock
??????????????????????????????????
?????system block ???? I?environment block ???? J ????
superblock ??????
j i =
X
i;j
 ijjiijji (2.63)
??????? j i???? (h j i = 1)??????
system block environment block
|i? | j?
superblock
? 2.5: system block ? environment block ?????? superblock?
?? j i????????????????????m < I; J ???m??
???? system block ? environment block ??????????????
?? system block ????????????????? environment block?
??????????????????
jui =
X
i
ui jii (2.64)
jvi =
X
j
vj jji (2.65)
??? jui ? jvi ??????? (huju0i = ;0)?????????? 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? 1  m??????j i? jui? jvi??????????
j i  j ~ i =
X

ajuijvi (2.66)
=
X
i;j
X

au

i v

j jiijji (2.67)
???????? (2.64)???? system block?????????????
?????????????????????????????????S?
??????????????
S =
j i   j ~ i2 (2.68)
S? a; ui ; vj ????????????????????????
S =
X
i;j
 
 i;j  
mX

au

i v

j
!2
(2.69)
?????? ij ?????IJ?????????? ??????????
 i;j =
pX
k
UikdkVjk (2.70)
????p = min[I; J ]????dk???  ???????????????
????? d1  d2      dp  0???? Uik; Vjk?
IX
i
UikUik0 =
JX
j
VjkVjk0 = k;k0 (2.71)
????????????? (2.70)?????? (2.69)??????????
?????????
S =
X
i;j
 
pX
k
UikdkVjk  
mX

au

i v

j
!2
(2.72)
=
X
i;j
"
mX

 
UidVj   ui avj

+
pX
k=m+1
UikdkVjk
#2
(2.73)
??? S? a = d; ui = Ui; vj = Vj????????????
??????DMRG?? superblock???????????????S?
???????????????????????????????????
?????????????????
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2.3.2 ??????????????
???? ?  ij???????????????
ii0 =
X
j
 ij i0j (2.74)
????? (2.74)?? (2.70)???????????
ii0 =
X
j
pX
k
UikdkVjk
pX
k0
Ui0k0dk0Vjk0
=
pX
k;k0
Uikdkdk0Ui0k0
X
j
VjkVjk0
=
pX
k
Uikd
2
kUi0k? (2.75)
??????????? (2.71)???????? (2.75)??????????
 = UD2UT (2.76)
???????D?????? dk?????????????U ?? (2.71)
????????????? (2.76)??????? U ????? UT ???
???
UTU ? = D2 (2.77)
?????????????? ????????????????????
?m?????????????? (2.64)???????????????
?m?????????? system block??????????????? 
??????????????????????? (2.71),(2.74),(2.75)???
IX
i
ii =
X
i;j
 ij ij =
pX
k
d2k = 1 (2.78)
????m??????????????????
TEm 
pX
k
d2k  
mX
k
d2k (2.79)
?????? TEm ??????DMRG????????????????
?????? TEm????? truncation error ????????
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2.3.3 DMRG??????
???????DMRG?????????????????? S = 1=2?
????????????????
????
? 2.6???? l1  l4?????? superblock?????????????
????????????????????? (1st step)? superblock???
?? 26site? spin?????????l1? l4? 12site???????? 26site
??????????????? l2? l3? "; #????????? S = 1=2
?????????? system block???????? (2.64)???????
?m?????????????????????????????????
?? system block ????????????????????????Szi ?
S+i ????????????????system block? environment block? l2
? l3????????????????????environment block ? system
block?????????????????????????????????
???????????????
l
1
l
2
l
3
l
4
system block environment block
l
1
l
2 l3
l
4
2nd step
3rd step
1st step
last step
? 2.6: system block ? environment block ?????? superblock?
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????
??????????????????2.7???????????????
?????system block??????????????environment block??
??????????????????????????????environment
block??????????????????????????2.7? 1st sweep
end ???? system block ????????????1 sweep??????
?????n sweep (n>1) ? environment block ???? n-1 sweep ????
? system block ???????????????????????????
??????????????????? 2.7?????????? step??
n sweep???????????????????????DMRG?????
???????????????????????? (??????????
????????????)??????????????? J1 J2????
????? uuud????????????????????????????
???????????1 sweep ????????????????????
??????????????????????????????????
l
1
l
2
l
3
l
4
1st sweep end
l
1
l
2
l
3
l
4
2nd sweep 1st step
2nd  sweep end
? 2.7: system block ? environment block ?????? superblock?
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DMRG???????
?????????????????????????DMRG?????
????????????????????????? n - 1 sweep? n sweep
?????????????????????n sweep???????????
?E(n)???? (E(n 1) E(n))=E(n)?TEm?????????????
??? 10 3?????????????????????????? 5sweep
??????????????????? sweep????????????
2.3.4 ???DMRG??SSD?
????DMRG??????????????????????????
???????????????????????????????????
????????????????????S = 1=2???????????
???????m? 20????????????????????????
?????????????????? [84]???????????????
2.8????????????????????????????p-10(88site)?
p-12(120site)?p-14(156site)?p-16(196site)?????? SSD???????
??SSD???????????????????????????????
????????????? [85, 86]??????????????????
??????????????????????? [31,87,88]???????
???? SSD?????????????? (2.80)???????? (2.81)
???????????????????? f (r)?? (2.82)?????R?
r?? 2.8??????????????????????????????
????f (r)????????????????????????????
????????????HSSD????????????????????
???????????????????????????????????
???????????????????????????????????
????????????????????
H =
X
<i;j>
Ji;j Si  Sj + h
X
i
Szi (2.80)
HSSD =
X
<i;j>
Ji;j f

ri + rj
2

Si  Sj + h
X
i
f(ri)S
z
i (2.81)
f (r) =
1
2
h
1 + cos
r
R
i
(2.82)
? 2.9???????????????????????????(a),(b)??
????????????????????????????m? (a),(b)?
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?????????????????????????????????m?
?????????????m? J1 J2????????? 500  10000?
??????????????????? 1000  6500???????????
p-10 p-12
p-14 p-16
r
R
? 2.8: ???????????????
Start
End
Start
End
(a) (b)
? 2.9: ?????????????????????????
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2.3.5 ????????DMRG??????????
???????????? J1 J2??????????????????
???????????DMRG????????????????????
??????????????????? 2.10?????????????
???????????????? J (1)1 = J (2)1 ; J (1)2 = J (2)2 = J (3)2 = J (4)2 ?
J1 J2?????J (1)1 = J (2)1 = J (1)2 = J (3)2 ; J (2)2 = J (4)2 = 0?????????
???????J (1)1 = J (2)1 = J (1)2 = J (2)2 ; J (3)2 = J (4)2 = 0?????????
??????????DMRG+SSD?????????DMRG??????
?Lx?????????? (OBC)?Ly?????????? (PBC)(???
???)??Lx??? SSD?Ly?PBC????? (??? SSD)??????
???????????????????????????????????
???????????????????????????????????
???????PC?????DMRG????m????????????
???????????????????????????????????
????????????????? Intel MKL Library??????
J
1
(1)
J
1
(2)
J
2
(1)
J
2
(2)
J
2
(3)
J
2
(4)
? 2.10: ??????DMRG?????????????????????
??????
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?3? J1 J2???????
3.1 DMRG+SSD????????
????DMRG+SSD????????????????S = 1=2? J1 J2
?????????????????????
3.1.1 ?????????????
??????SSD???????DMRG????????????????
????????????????Lx???OBC?Ly???PBC(?????
?)????????? (3.1)? Lx = 16?Ly = 6? 8???? (N = 96; 128)
???????????????????????????????? Ly?
??????????????PBC??????????????????
? (9/16)?????????????OBC???????????????
???OBC?? PBC?????????????????????? SSD
???????????
0.2
0.4
0.6
0.8
1.0
M
/M
sa
t
0.5 1.0 2.01.5 2.5 3.0 3.5 4.00
h/J1
4.5
Lx =16(OBC), Ly =6(PBC)
Lx =16(OBC), Ly =8(PBC)
J2/J1 = 0.55
? 3.1: J2=J1=0.55???????????????
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3.1.2 SSD????????
????????????????????p-10(88site)p-16(196site)??
?????? 2.8?????????????????????? SSD???
??????????????????????????????????
?????????????????????DMRG??????????
????????? p-14(156site)? p-16(196site)????????????
??????DMRG??????????p-10(88site)? p-12(120site)??
????????????m?? 50010000??????????????
?? 1500?????????????????????? 500010000??
??DMRG???????????????? TEm(truncation error)???
????? 2 10 5??????????????? 5 10 6???????
????????? (?? J2=J1  0:575??)??????????????
???????????????????????????????????
????????????????????????(? 3.23.5??????
???)?? 3.23.6? J2=J1 = 0:45  0:7???????????????
??? p-10? p-12??????????????? p-14? p-16?????
???????????????????????????????????
???????????J2=J1 = 0.45, 0.675, 0.7?????????????
?????????????????? J2=J1  0:45? J2=J1  0:675???
???????????????????????????????????
????????????????????<Si Sj>, <Sxi Sxj +Syi Syj >??
???<Szi >?????????????????????????????
????????????????????????? 3.14???????
????????
?????????????????????????????
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3.1.3 Neel??Stripe?
??????????????????? [64]????????????
??????????????? J2=J1 > 0:5??Neel? (Canted Neel??
????????????Neel??????)?J2=J1 > 0:675?? Stripe?
(Neel????)????????? (? 1.22??)????????????
????????<Si Sj >, <Sxi Sxj +Syi Syj >??????<Szi >????
??? 3.7?????(a)? (c)????????????????????
????????????Neel?????(b),(d),(e),(f)?????????
?????????????????????????????Stripe???
????????????????? (h < 2)?Neel?? Stripe?????
J2=J1 = 0:575  0:6??????????????
J2/J1 = 0.45
h/J1 = 0.0
 
h/J1 = 0.0
J2/J1 = 0.675
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? 3.7: (a),(b)?<Si Sj>?(c)(f)?<Sxi Sxj +Syi Syj >?<Szi >?????
????????????????????????<Szi >????????
?????????????????
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3.1.4 ????????
? 3.8? J2=J1=0.55,0.6? <Si Sj>?????????????????
PVBC???????????? (? 1.16??)?????????? p-12?
???DMRG????m?? 6500(J2=J1=0.55)?? 10000(J2=J1=0.6)??
????? 3.9??????????????????J2=J1????????
??????????????????? 44site?????????p-12?
p-10?????????????????m1500????????1%????
???? J2=J1  0:61??????????????????J2=J1 = 0:61?
????????????????????????????????? 3.9
?????????? PVBC??????????? J2=J1???????
?????????????
<Opbvc>= <Si Sj>weak  <Si Sj>strong? (3.1)
????????<Si Sj>weak???????????PVB???????
??????<Si Sj>strong???????????PVB?????????
????????????? 44site???????????????p-10?
p-12????????? p-12? J2=J1 = 0:57  0:6?DMRG???????
??????????????????????????????????
???????????????? PVBC???????????????
???????????????????J2=J1 = 0:5  0:61??????
PVBC????????????PBVC? Stripe????????????
???J2=J1  0:61??????????????????????????
???????????????????????????Neel?? PVBC
??????????????????????PVBC?? singlet-triplet gap
(st)??????????????????????????? (? 3.3,3.4
??)?J2=J1 = 0:55  0:6??st  0:5??????????? [54,56,60]?
J2=J1 = 0:525????????????????????????????
?????????????????????????????? p-12??
???????????????????????????????????
???????????????????????????????????
?????
??????????????????????????????????
???
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3.1.5 1/2????? (up-up-up-down?)???????
? 3.33.5?????1/2???????????????????????
?? SSD?????????????? [88]??????????????
???????????????? uuud????????????????
???????????J2=J1 = 0:525; 0:55; 0:65?? uuud????????
????? 3.11??????????????<Sxi Sxj +Syi Syj >?<Szi >?
????????Sz???????????? up-up-up-down??????
???????????<Sxi Sxj +Syi Syj >????????????????
?????????????????????????uuud???????
??????????????????????????????? Y??
V?????????????? 3.11???????? Y-like,V-like???
???????????????????Y-like,V-like??????????
???????????????????????????????????
?????MCS????????????Y-like,V-like?????????
??????????????????
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3.1.6 ??
????? stripe?????????????? 3.12?????????
??????????????????????????????????
???? Sz??? Stripe???????????? Stripe??Sxy? Stripe)
???????????????????????????????????
????????????????????? J2=J1 = 0:5?Lx; Ly(Lx; Ly?
??????)????????????????????????????
??????????????????????????????? 7/9??
?????????????? 3/4???????????????????
???? J2=J1 6= 0:5?????????????????????????
?????????V-like???????????????????????
???????????????????????????????????
?????
h/J1 = 3.6 h/J1 = 3.6
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3.1.7 ?????????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????????Neel??? Stripe??? uuud? (???Y-like??)??
????? 3.13???????????????????????????
??? 3.33.5? h  2:0?????????????????
uuud?
Neel?
spin flop (1st)
Stripe?
? 3.13: spin-op???????
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3.1.8 ?????????
DMRG+SSD???? S = 1=2? J1 J2???????????????
3.14??????????? J2   h??????????????????
???????????? uuud????????????????????
??????????????????????????????????
Y-like??V-like???????????????????????????
??????????????????????J2=J1  0:5? Neel???
PVBC??????J2=J1  0:61? PVBC?? Stripe??????????
?????????DMRG???????????????????????
???????????????????????????????????
J2=J1 = 0:55  0:6?st  0:5????????????????????
??????????????????PBVC??????????????
???????
Full moment
Neel
Stripe
uuud
?
Y like ?
PVBC
J2/J1
h
/J
1
V like ?
? 3.14: ???????? h J2?????????????????Y-like?
V-like??????????????????V-like???????????
?????????
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3.2 MCS????????????
??????????? uuud????????????????????
???????????????????????????????????
???????????????????Y??uud??V????????
?????????J1 J2???????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????? J2=J1 = 0:5?????MCS??????
?????????????????????? 3.17??????????
???L = 52(N = L L = 2704) ????????????? kB=1???
??????
3.2.1 ??????????????
??????????????????????????????????
??????
mxyNeel = CxyNeel
DXSxyA  XSxyB E (3.2)
mxyStripe = CxyStripe
DX Sxya +X Sxyb  X Sxyc  X Sxyd E (3.3)
mxyuuud = Cxyuuud
DX Sxya  X Sxyb  or X Sxyc  X Sxyd E (3.4)
muuud = Cuuud
DX Sza  X Szb or X Szc  X SzdE (3.5)
??? SxyA ;SxyB ?????A?B???? (? 3.15????)???? xy??
?????????Sxya ?????? xy???????????Sxyi Sxyj ??
???????? a,b,c,d?? 3.15?????????????C?????
???????????????????or??????????????
?????????????????????? 3.16?????xyuuud??
?mxyNeel??????????????????????????????
???????????????????????????????????
???????????????????????????????????
??????? 3.19????????? 3.20??????????? 3.18?
(1)(4)?????????????????????L?????????
3.21? L=40? 52????????????? L = 24; 64????????
????????????????????????????????Y-like
?V-like????????????????????? 3.17???????
??????????????
Y-like??mxyNeel?muuud???? xy???Neel?????? uuud??
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V-like?? mxyNeel?mxyuuud?muuud???? xy? z??? uuud??
??????????? Y,V?????????????????????
????Y-like,V-like????????? Stripe??Y-like???V-like??
Stripe??????????????????????? (? 3.20??)???
???????????????????????????????????
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3.2.2 ?????????????
??MCS??????????????? 3.223.26???? Sx   Sz ?
?????? Sx   Sy??????????????
? 3.22(Neel?)? 3.23(Stripe?)???xy???Neel,Stripe??????
??z????????????????????????????????
????????
? 3.24(Y-like?)?? xy???Neel?????z??? uuud??????
? 3.25(uuud?)?? xy???????????????????????
z??? uuud????????????????down(??????????
???????????????????????????????4???
?????????uuud???????????????????????
? 4???????????????
? 3.26(V-like?)?? xy????Sx?????????????????
?????????????????? z??????? uuud??????
????? uuud??????4????????????
?????????????????Y-like???????????????
???????????????????????????????L=24,64
????????????
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3.2.3 Y-like?uuud?V-like?????
??????????????????????????????????
??????????? 3.27?????????? uuud?????????
?????LL??????????8 (L  2)????????????
????????????????????????8 (L  2)??? uuud
?????????? up-down-up-down??? up-up-up-up???????
?????????????????? up-down-up-down????????
???????????????????????????????????
???????????????????????????????????
??????????J1 J2???????????? uuud???????
???????????????????????????????????
?????????????Y-like,uuud,V-like?????????????
??????????????????????????? z???????
??????????z????????????????????????
???????????????????????????????????
????????
? 3.27: ???????? uuud?????8 (L  2)???????
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3.2.4 ??????
J1 J2 ???????????????MCS????????????
??????? J2=J1 = 0:5?????????????????????
??????Neel,Stripe,Y-like,uuud,V-like???????????????
Y-like,V-like??????????????????? Y-like,uuud,V-like?
? z?????????????????????????????????
?????????????Y-like?? Stripe???V-like?? Stripe???
???????????????????????????????????
???????????????????
3.3 ??????
J1 J2???????????????????? (S=1/2)???????
????????????????DMRG+SSD?????????????
???????????MCS?????????????????????
??????????????????????Neel,Stripe,PVBC,uuud??
????????????????????Y-like?,V-like????????
?????????????????????Neel,Stripe,Y-like,uuud,V-like
????????????????Y-like,V-like?????????????
??????????????????????Y-like,V-like???????
?????????Y-like,uuud,V-like?????????????????z
???????????????????????????????????
???????????????????????????????????
????????
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?4? S = 1=2?????????
????????
??????????????????????????????????
???????????????????????????????????
??????????????????????J1 J2??????????
???????????????????????????????????
???????????????????????????????????
?????????????????? 0, 1/9, 1/3, 5/9, 7/9???????
?????????????????????????????
????DMRG+SSD????????? S = 1=2??????????
???????????????????????????????????
??????????? 2.8??????????????????????
??????????????????? 4.1??????????????
?????????????
? 4.1: ????? p-14????????????????
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4.1 ?????????????
??????J1 J2?????????SSD???????DMRG???
??????????????????????????Lx???OBC?Ly
??? PBC(??????)????????? (4.2)? Lx = 12?Ly = 6 ?
Lx = 16?Ly = 8???? (N = 72; 128)????????????????
??0, 1/2 ??????????????????????????????
???????????Lx = 16?Ly = 8????? 1/4?????????
???Lx = 12?Ly = 6?????????????????? J1 J2??
?????OBC?? PBC??????????????????????
SSD???????????
0.2
0.4
0.6
0.8
1.0
M
/M
sa
t
0.5 1.0 2.01.5 2.5 3.0 3.5 4.00
h/J
Lx =12(OBC), Ly =6(PBC)
Lx =16(OBC), Ly =8(PBC)
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4.2 DMRG+SSD????????
???????????????? 4.3????0, 1/4, 3/8, 1/2, 3/4??
???????????????????????????????????
1/4, 3/8, 1/2???????????????? 4.1???????????
???????????????????????????????????
???????
? 4.1: ?????????????????
?? hc1 hc2 width
0 0 0.6 0.6
1/4 1.2 1.8 0.6
3/8 1.85 2.0 0.15
1/2 2.15 2.75 0.6
3/4 3.75 4.0 0.25
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? 4.3: DMRG+SSD?????????????????????????
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4.2.1 0, 1/4, 1/2, 3/4???????
?????? 0, 1/4, 3/8, 1/2, 3/4?????????????????
? 0, 1/4, 1/2, 3/4???????????????????????? 4.4
????????<Si Sj >?<Szi >???????SSD????????
???????????? 6  6site??????????????????
? p-14????????(a)(d)????????????????????
Sz4spin  0; 1; 2? Plaquette?????????????????
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0
-0.1
-0.4
-0.3
-0.2
h/J = 0.0 h/J = 1.3
h/J = 2.3 h/J = 3.9
(a) (b)
(c) (d)
? 4.4: ????????????(a) 0?(b) 1/4?(c) 1/2?(d) 3/4????
?????????<SiSj>????????????????<Szi >??
??????
(a)??????????????????????PVBC???????
?????????????????? 1/4?????? (b)????Sz4spin 
0 ? 1 ????? Plaquette??????????????????????
1/2?????? J1 J2?????????? uuud???????Sz4spin 
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0 ? 2 ?????Plaquette?????????????? 3/4??????
???????????????????????Sz4spin = 1 ? 2 ?????
Plaquette?????????????????????? 3/4??????
?????????????????????????????? 0.35%??
???????????????????? SSD????????????
?????
4.2.2 3/8???????
??3/8???????????????3/8??????????????
???????????????? 4.5?<Si Sj >?<Szi >???????
?????????Plaquette??????????????????Sz4spin 
0 ? 1 ? 1:3?????????????? Sz4spin  1 ???????1/4?
??????????? uuud?? like???????
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0.3
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0.1
0
-0.1
-0.4
-0.3
-0.2
h/J = 1.9
? 4.5: 3/8??????????????????<SiSj>???????
?????????<Szi >???????????????????????
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4.2.3 ?????????
? 4.6??????????????????? A? Sz4spin  0??B?
Sz4spin  1 ??C? uuud????D? Sz4spin  2 ? Plaquette???????
????????????? 3/4?????? (e)???????????
??? (??????????? (e)??????????)????????
(b)(d)????????????????????????
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
B
A
B
B
B
A
B
A
A
A
B
A
B
B
B
A
B
A
A
A
B
A
B
A
A
C
B
C
C
C
A
C
B
B
B
C
A
C
C
C
B
C
A
A
A
C
B
C
A
A
D
A
D
D
D
A
D
A
A
A
D
A
D
D
D
A
D
A
A
A
D
A
D
B
B
D
B
D
D
D
B
D
B
B
B
D
B
D
D
D
B
D
B
B
B
D
B
D
(a) (b) (c)
(d) (e)
0 1/4 3/8
1/2 3/4
? 4.6: ???????????A?Sz4spin  0?B?Sz4spin  1?C?Sz4spin  1?
D?Sz4spin  2?
4.3 ????????
??????????????J1 J2???????????
4.3.1 ????????????
????????????????????? 1/3, 5/9, 7/9??????
????? 1.9???????Sz  1=2?monomer???????????
?????????????? Sz6spin  0; 1; 2? Plaquette????????
????????????????????? 1/2, 3/4??????????
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????????????????????? Plaquette?????????
???????????????????????????????????
? 1/9?????Z3??????????????????????????
?????? 1/4????????????? PVBC??????????
????????????????????? 1/9?????? Sz6spin  0?
Plaquette????????????monomer???? Sz  1=4?????
????????monomer??????????Sz  1=2????????
???????????????????????????????????
?????????????monomer????????????? 4.4(b)?
??????????????? Sz4spin = 1? Plaquette?????????
?? Sz  1=4????????????????????????????
? 1/4????????????????????????????????
???? 2/9?????????????????3/8???????????
??????????????????????
4.3.2 J1 J2????????????
J2=J1  0:5? J1 J2????????????????????????
PVBC????????????????????????????????
???PVBC???? (? 4.4(a)??)?J1 J2????????-?????
(<Si Sj >)????????? PVBC??? (? 3.8??)????????
Plaquette????????????????J1 J2?????? J2????
?????????PVBC?????????????????? 1/2??
?????????????????J1 J2????? uuud?? (? 3.11?
?)???????????????PVBC??? (? 4.4(c)??)?????
???????????????????uuud??? up???-up????
? up???-down???????????????J2??????????
????????????????????????PVBC? Sz4spin  0 ? 2
?????Plaquette??????????????????????J1 J2
?????????????????????????????? J1 J2??
???????????????? PVBC??????????????
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4.4 ??????
S = 1=2?????????????? SSD+DMRG??????????
?????0, 1/4, 3/8, 1/2, 3/4????????????????????
? 1/4? 3/8?????????????????????? 3/4????
??????????????????????????????????
? 0.35%??????????????????????????? SSD?
??????????????????????????????1/2, 3/4?
?????????? 1/3, 5/9, 7/9???????????????????
??? 1/4? 3/8???????????????????????????
???
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?5? ????????S = 1=2
??????????
??????????????????????????????????
??????????????????????????????????
??? [89]?Kitaev model??????????????????????
??????????????????????????????????
??????????????????????????????????
??????????????????????????????????
Shastry-Sutherland?????? dimer?????????????????
?????????????? VBS??????????????????
RVB??????????????????????????????
? 5:1????????? RVB???????????? VB?????
????a;?b;?c;    ???????????RVB???????????
???????????????????????????a;?b;?c;    ?
???????????????????????????????????
???????????????????
1. S = 1=2???????????????????
2. ???????
3. ?????????????????????
4. ??????????????????
5. ????????????????????????
???
???
?singlet bond
?
a ?b ?c
Ψ???? ???a + ?b + ?c + ????
? 5.1: RVB?????
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5.1 ??????????
???????????????????????VB(dimer)??????
?????????????????? 5:2(a)?????????????
??????????????????????????????????
?????????????? 5:2(c),(d)???? Square diamond lattice ?
Hexagonal diamond lattice ??????? 5:2(b)????????????
??????????????????????????? [90]?
?????????????
H = J
X
<i;k>
Si  (S(d1)k + S(d2)k ) + Jd
X
k
S
(d1)
k  S(d2)k
= J
X
<i;k>
Si Tk + Jd
X
k
 jTkj2
2
  S(S + 1)

; (5.1)
??????? J? Jd? dimer-monomer?????? dimer???????
??Si? S(dj)k ? S = 1=2??????????Tk  S(d1)k + S(d2)k ?????
?? (5:1)? S? 1/2????
Jd
J
(a)
(c)
(b)
(d)
Si Sj
Sk
(d2)
Sk
(d1)
? 5.2: (a) ????????(b) ????????(c) Square diamond lattice?
(d) Hexagonal diamond lattice?
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5.2 ????????????
????????????? (5.1)? [H; T2k ] = 0 (T2k = Tk(Tk + 1)) ??
???????????? Tk???????????????Tk? 0? 1?
???????????????????????????????????
? hi???????
H =
NX
i
hi; (5.2)
????????
E(min) 
NX
i
ei(min) (5.3)
?????????hi????????ei(min)???????????? (5:3)?
??????????H????????E(min)??????????????
??????????????Majumdar-Ghosh, Sawtooth-Chain, Shastry-
Sutherland model?????? hi???????????????????
???? [91]??????????????? 5:3?????hi?? (5.4)?
??????????????????????
hi = J
ndX
k
Si Tk + Jd
2
ndX
k
 jTkj2
2
  S(S + 1)

:? (5.4)
??? nd? hi???? dimer???????? dimer?????? Jd/2?
???????????? (5.2)??? dimer??????????????
????H???? hi? [hi; T2k ] = 0?????????
hi(nt) = J
ntX
k=1
Si  Tk + 1
8
Jd(4nt   3nd); (5.5)
?????????????????? Tk ? S = 1???????nt? hi
???? Tk = 1? dimer ????????0  nt  nd ????? (5:5)?
?????????????????????????S = 1=2?????
Jd/2
Jd/2
J
J
(a) (b)
Si
Sk
(d2)
Sk
(d1)
? 5.3: ????? (a):nd = 4????(b):nd = 3???
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?????????????? nt?? S = 1??????????????
???????????? Lieb-Mattis??? [92]????????????
Stot = nt  1=2????????????????????????????
??????????hi(nt)?????????
emin(nt) =
(
 1
2
J(nt + 1) +
1
8
Jd(4nt   3nd) (nt1)
 3
8
Jdnd (nt=0):
(5.6)
?????????hi?????????
emin =
8><>:
 1
2
J(nd + 1) +
1
8
Jdnd (Jd<J; nt=nd)
 J + 1
8
Jd(4  3nd) (J <Jd<2J; nt=1)
 3
8
Jdnd (2J <Jd; nt=0)
(5.7)
?????? Jd = 2J?? nt = 1; 0?????Jd = J?? nt  1?????
???
???????????????????????????? (5.3)???
? Jd  J ?????????????
Jd > 2J ???
hi?????? nt = 0????????????? dimer? singlet????
monomer????? S = 1=2?????????????monomer? dimer
?????????????????? 5.4?????????? (5.3)??
???????????????????????? dimer-monomer(DM)?
???????????????????????????
singlet (Tk = 0 ) dimer
free spin
? 5.4: ??????????????Jd > 2J ??? ?
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Jd < J ???
hi??????nt = nd????dimer???Tk = 1??????monomer
???? dimer???????????????????? (5.3)?????
??????????
J <Jd<2J ???
?????????? Tk = 1? dimer?????? 0? dimer?????
????????????????? 5:5?????????????????
?????????????? tetramer-dimer?TD???????????
????????????? (5.3)????????????????3site?
(? 5.6(a)) ? 4site? (? 5.6(b))????????????????????
??????????????
jgsidia = 1p
3
jti+14jti 23 + jti 14jti+23   jti014jti023 (5.8)
edia(min) =  2J + 1
4
Jd (5.9)
???
jti+ij = j" iij" ij (5.10)
jti0ij =
1p
2
(j" iij# ij + j# iij" ij) (5.11)
jti ij = j# iij# ij (5.12)
singlet (Tk = 0 ) dimer
Tk = 1 dimer
? 5.5: ??????????????J <Jd<2J ??? ?
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?????????????????????????????Sztot = 1=2?
 1=2??????
jgsi+123;tri =
1p
3
hp
2j# i1jti+23   j" i1jti023
i
(5.13)
jgsi 123;tri =
1p
3
hp
2j" i1jti 23   j# i1jti023
i
(5.14)
etri(min) =  J + 1
8
Jd (5.15)
????site4??????? (5.13),(5.14)?Sztot = 0???????????
???
1p
2
(jgsi+123;trij# i4 + jgsi 123;trij" i4)
=
1p
3

j# i1jti+23  
1p
2
j" i1jti023

j# i4 + 1p
3

j" i1jti 23  
1p
2
j# i1jti023

j" i4
=
1p
3

j# i4jti+23  
1p
2
j" i4jti023

j# i1 + 1p
3

j" i4jti 23  
1p
2
j# i4jti023

j" i1
=
1p
2
(jgsi+234;trij# i1 + jgsi 234;trij" i1)
= jgsidia (5.16)
????
????? (5.3)??????????????????? 5.5????TD
???????????????????????????????????
?????????????TD?????????????????????
?????TD????????????????????????????
????H????????? hi? nt = 1???????????????
???? (? 5:6(b))?????? jgsidia?????????????????
J <Jd<2J???TD?????????????????????????
Jd/2
J
(a) (b)
S2
S1
S3
Jd
J
S2
S1 S4
S3
? 5.6: (a):??? (b):????????J <Jd<2J ??? ?
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Jd = J ???
TD???????????????????????????hi? nt  1
??????????????H??????TD????????????
???????????????????
Jd = 2J ???
hi? nt  1???????????????DM???TD??????
?????????????????? tetramer????????????
???????????????????????????????????
??????????????? 42.4%?????????????? [90]?
????????????????????????????????
5.2.1 ???????????
????????????????
Emin=N =
(
 J + 1
8
Jd(4  3nd) (JJd<2J)
 3
8
Jdnd (2JJd)
(5.17)
??? N ??????????????????????nd? N ????
dimer??????(??????? nd???????????) ?? Jd < J
????????????????????????????????????
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5.3 ????????????
?????????????????????????????????
?????????????? J < Jd < 2J ??????[H; T2k ] = 0?
[hi; T
2
k ] = 0?? fTkg????????????????????????
??5.3?????????? (5.6)???????????????????
????????????????Nt???? Tk=1??? dimer????
????TD???Nt = N=2?????????????????????
?????????????
1. Nt  N=2  1
2. Nt = N=2
3. Nt  N=2 + 1
Nt  N=2  1???
??? p? 1  p  N=2??????????Nt = N=2  p??????
(5.3),(5.6)???????????????????????????
E  p(2J   Jd) (5.18)
??? (5.18)????TD??? tetramer? p? singlet dimer???????
??????????????p = 1???E????????Nt  N=2 1
????????????????
Emin = 2J   Jd (Nt = N=2  1) (5.19)
?????????? 5.7(a)????
Nt = N=2???
?????????????TD???? tetramer???????????
?????
 tetramer?????? (nt 6= 1)
???? tetramer??????????????????????????
? (5.3),(5.6)?????
???????
E  0:5J ? (5.20)
???????
E  J (5.21)
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??????????????????????? 5.7(c)?????????
?????? 7site???????????????????????????
?????
Emin = 0:6185J (5.22)
????
 tetramer??????? (nt = 1)
TD???????? tetramer????????????? 5.7(d)?????
?????????????????????????????
Emin = J (5.23)
????
Nt  N=2 + 1???
??? p? 1  p  N=2??????????Nt = N=2 + p??????
(5.3),(5.6)???????????????????????????
E  p(Jd   J) (5.24)
????Nt  N=2 + 1????????????????
Emin  Jd   J (5.25)
???????????????????????????????????
???????????????????? 5.7(b)?????????????
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(a) (b) (c) (d)
TD ?? ????? ?
? 5.7: ????????(a) tetramer ??? dimer ??(b) dimer ???
tetramer??(c) tetramer??????????(d) tetramer???????
???
5.3.1 ???????????
???? (5.19),(5.22),(5.23),(5.25)????????????
Emin  Jd   J (J < Jd < 32J)
Emin = 2J   Jd (32J  Jd < 2J)
(5.26)
???????? J  Jd< 2J ????????TD???????????
???????????????????????
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5.4 ????????
J  Jd < 2J ?????TD?????????????????????
5.2(c),(d)? Square diamond lattice? Hexagonal diamond lattice??????
? 5.8???? (a)?Tetramer? (b)? dimer?????????(b)? dimer
?????????dimer ploblem, domino tiling ploblem?????????
???????????????????????????????????
??????????? Square diamond lattice? Hexagonal diamond lattice
?????????????????????????????? diamond
spin lattice ?????????
(a) (b)
? 5.8: (a) Square diamond lattice?TD???b?????? dimer??
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5.4.1 Square diamond lattice
????? nm ??????????????????????????
? dimer covering ????????????????????
lim
N!1
1
N
lnNg = 0:2915609; (N = nm)? (5.27)
??? [93, 94]????Ng? dimer ????????????dimer ploblem
???????????????????????????????????
????????????? 5.9?????????????????? 1994
??Horst Sachs??????????????
lim
N!1
1p
N
lnNg = 1:24645048 (5.28)
??? [95]??????????pN ?????????????? 0??
???????Sauare diamond lattice ?TD??????????????
??????????? 5site?????????????????????
(5.27)??????????????????????????? 8.4%??
??????? (5.28)?? 0??????????????????????
???????????????????????????????????
? Sauare diamond lattice?TD????????????????????
???0?8.4%?????????????
? 5.9: Horst Sachs???????????? [95]????????????
?????????
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5.4.2 Hexagonal diamond lattice
?????????????????????????????? dimer
covering ???????????????????
lim
N!1
1
N
lnNg = 0:169157? (5.29)
??? [96,97]????????????????????????? 5.10?
?????????????? k; l;m???????????N ! 1??
??
s(x; y; z) =
1
2(xy + yz + zx)
[x2 lnx+ y2 ln y + z2 ln z   (1  x)2 ln(1  x)
 (1  y)2 ln(1  y)  (1  z)2 ln(1  z)]? (5.30)
n = k + l +m; x = k=n; y = l=n; z = m=n
??? [98]???????????s(0; 1=2; 1=2) = 0?????s(1=3; 1=3; 1=3) =
0:130812????
????Hexagonal diamond lattice? TD???????????????
?????????????? 0?6.1%?????????????
k
l
m
? 5.10: ????????? [98]?k = 4; l = 3;m = 3????
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5.5 ???????????????
???????????? JJd<2J ????????????????
??????????????????????????????????
???????????????? 5.11?????? dimer-dimer????
? (Jdd)?monomer-monomer????? (Jmm)?????????????
?????????????????Jdd; Jmm << Emin????????
??????????)????????Jdd; Jmm????????????
?PVBC?????????? (RVB?)???????????? Jdd = 0?
????[H; T2k ] = 0???????????TD????????????
????RVB????????????????PVBC?????????
?????????Jdd 6= 0?? [H; T2k ] 6= 0????TD??????????
????????????????????????????????DMRG
???????????????? Jdd 6= 0???????? Quantum dimer
model ???????????? [99,100]???TD???????????
????????????Jdd; Jmm???????????????????
???????????????????????????????????
???????????????????
J
dd
J
mm
? 5.11: Square diamond lattice? Jdd(????); Jmm??????????
104
5.6 ????????
???????????????????????????Square diamond
lattice [101, 102]? Hexagonal diamond lattice [103{105]?????????
????????? [Fe(CN)6Cu(apn)3]n(ClO4)2n(H2O)4n??????? 5.12
?????Fe?Cu??????Hexagonal diamond lattice????????
?????????????Fe2+? S = 0?????????????Cu2+
?????????????????????????? Fe2+??????
???Mn2+(???????? S = 1=2)????????????????
???????????????????????????????????
?????????????
Cu
Fe
? 5.12: [Fe(CN)6Cu(apn)3]n(ClO4)2n(H2O)4n????? [103]?
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5.7 ???????????
????? Square diamond lattice ? Hexagonal diamond lattice ????
????????? dimer covering???????????????????
???????????????????????????????????
???????????????????????????????????
??? dimer covering?????????????????????????
???????????????????????????????????
??????????TD???????????????????????
monomer??N?????????????????????dimer covering
??????????????????????????????????
????????????N ?????????????????????
5.13?????????????????????????????????
???????????? dimer covering????????????????
?????????????????????
? 5.13: dimer covering????????TD?????????
106
5.8 ??????
??????????????????? S = 1=2??????????
???????????????????????????????????
??????????????????????????????????
???????????????????????????????????
?????????????????????? Square diamond lattice ?
Hexagonal diamond lattice??????????????????????
???????????????????????????????????
???????????????????????????????????
?????????????????????????
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?6? ??????????
???? J1 J2???????????????????????????
???????????????????????????????????
???????????????????????????????????
???????
?????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???
?????????????????????????????????
DMRG???????????????????????????????
??????????????????? LOBPCG???????????
???????????????????????????????????
???DMRG??????????????????????
????????????????????????? J1 J2??????
???????? (S = 1=2)??DMRG+SSD?????????????
???????????MCS?????????????????????
????????????????????????????Neel??Stripe
??uuud????????????????????????Y-like??V-
like?????????????????????????????????
??????????????????????????????????
J2=J1 = 0:5  0:61???? PVBC???????????????????
????????????Neel??Stripe??uuud????Y-like??V-like
????????????Y-like??V-like????????????????
???????????????????????????????????
???????????? (S = 1=2)?????????DMRG+SSD???
???????????????????? 0, 1/4, 3/8, 1/2, 3/4?????
??????????????????????? 1/4? 3/8???????
???????????????????????????????????
?????????????
??????????????????????????? S = 1=2??
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???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
????S = 1=2???????????????????????????
???????????????
??????????????????????????????????
??????????????????????????????????
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??
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????????????????????????????
?????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
?????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????
??????????????????????????????????
???????????????????????????????????
???????????????????????????????????
???????????
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